Introduction
The purpose of this note is to illustrate through Nelson's and the PauliFierz models how functional integration can be applied in a rigorous way to solve problems of quantum field theory. The mathematical approach has specific benefits. Although for technical reasons particular proofs may involve restrictions on the reach of statements, the conclusions are reliable against a clear background of hypotheses. Secondly, this approach does allow to derive genuinely new results or understanding. Finally, the concepts and tools of modern stochastic analysis have a far reaching potential of cross-fertilizing the methods developed by physicists. For the details and proofs of the summary presentation below we refer to the (severely selected) bibliography.
Functional integration for Nelson's model
The Nelson model describes an electrically charged spinless quantum particle coupled to a scalar boson field. The Hamiltonian is given by
and interaction H i = |k| in the interesting case of massless bosons), and ̺ is the charge distribution function (whose Fourier transform appears in the formula), imposing a UV cutoff. The external potential V acting on the particle is assumed to be Kato-decomposable, see [2] ; this class is reasonably large to accomodate semibounded potentials having local singularities, for instance, Coulomb potential.
Under the mild conditions | ̺|ω
, the joint domain of the free Hamiltonians. Moreover, H N has a unique, strictly positive ground state Ψ ∈ L 2 ⊗ F as soon as | ̺|ω −3/2 ∈ L 2 [13] . The latter condition is interpreted to be an IR cutoff.
Traditional physics offers as an alternative a path integrals-framework for studying the features of quantum mechanical models. A similar reformulation can be made for the Nelson model as well. By writing down the Euclidean actions S p , S f , S i associated with the three operators above, and denoting by X t and ξ t the particle resp. field processes (see more below), the path measure is formally written as
This is a mathematically unappealing almost surely 0 × ∞ situation, but happily we can prove that cancellations do occur and can make sense of a path measure for the full time line R through a limiting procedure. A joint use of the so called ground state transform and Wiener-Itô transform allows mapping the space L 2 (R d , dx) ⊗ F into a suitable function space. Through this procedure it is found that e −tHp gives rise to a P (φ) 1 -process R ∋ t → X t ∈ R d whose path measure can be writ- 
with Gaussian path measure G characterized by
To operate with continuous paths of the Ornstein-Uhlenbeck process we prefer to replace S ′ (R d ) with a full-measure subset B which we do not give here explicitly. Under the joint map the interaction Hamiltonian H i turns into the multiplication operator (ξ t * ̺)(x) (where the star denotes convolution). The Euclidean HamiltonianH N can then be identified as the sum of the images of all the three above Hamiltonians apart, which at the same time are the generators of the stochastic processes we have just discussed.
The path measure for bounded intervals [−T, T ] is then given by a suitable extension of the Feynman-Kac formula.
Theorem 2.1 (Nelson). For square integrable F, G we have
is the path measure describing the interacting system, and
T × G is that of the non-interacting system serving here for reference measure.
As the field variables ξ t appear linearly in the exponent, the Gaussian integrals can be made explicitly. Hence for sets E and F in the Borel σ-fields (algebras of events) of C(R, R d ) resp. C(R, B), by the identity
It can be checked that N T is a Gibbs measure (i.e., satisfies the DobrushinLanford-Ruelle consistency conditions) on path space C(R, R d ) with respect to the infinite range pair interaction potential W and reference measure N 0 T . The last formula above gives the partition function (normalizing constant) for N T turning it, and thus the full path measure P T , into a probability measure, for all T > 0.
In lack of space here we can only briefly discuss what results can be derived by using the path measure P T , and more closely, the Gibbs measure N T .
Infinite time limit and ground state
Provided that a weak limit of P T exists as T → ∞, it can be shown that the ground state Φ ofH N (by the above constructions unitary equivalent with Ψ) can be written as
whenever P is absolutely continuous with respect to P 0 , where P is the stationary distribution of the T → ∞ limit of P T , and P 0 is that of the limit of P 0 T . On the other hand, since it can be shown that the conditional probability P T (F |X = Y ) appearing in the identity quoted above is Gaussian, as this presents no particular difficulty the key to getting the weak limit of the path measure P T lies in controlling N T . In [10] we constructed weak limits of Gibbs measures including N T by using a cluster expansion and have furthermore obtained results on uniqueness of this limit, and properties of the limit measure such as mixing, typical path behaviour, and more.
Ground state properties
By using the formula above we are able to express ground state expectations (for operators A on the original Hilbert space) in terms of Gibbs averages (for associated functions f A on its image space), which turn out to be easier to calculate or at least meaningfully to estimate than directly the scalar products. In particular, we can derive superexponential decay of boson sectors (a long standing open question), establish Coulomb's law for the average field and derive the field fluctuations, and show exponential localization of the particle in space [3] .
Infrared behaviour
Having the path measure at hand, we can define an independent way of quantization. As seen thus far, Fock space quantization is performed by taking the Hilbert space H 0 = L 2 (R d ×B, dP 0 ) with Hamiltonian H N unitary equivalent withH N . In Euclidean quantization we can take H = L 2 (R d × B, dP) instead. Then a semigroup T t associated with the time reversible Markov stochastic process (X t , ξ t ) can be defined through (F, T t G) H = E P [F (X 0 , ξ 0 )G(X t , ξ t )], ∀t > 0. Since this is symmetric and contractive, there is a self-adjoint semibounded operator H euc such that T t = e −tHeuc . We will view this by definition as the Euclidean Hamiltonian. The function 1 ∈ H is the unique ground state of H euc . In [11] we prove that in 3D there is a genuine IR divergence problem: if the IR cutoff is not applied,H N has no ground state in H 0 (and hence H N in Fock space). In particular, H N and H euc are not unitary equivalent, disproving the existing belief that Fock and Euclidean quantizations are equivalent schemes. In higher dimensions the problem disappears; both Hamiltonians and Hilbert spaces are unitary equivalent. 3D infrared divergence occurs due to infinitely many soft bosons in the ground state which cannot be accomodated in Fock space; this is ultimately due to too slow decay of Coulomb potential in this case. Even then, however, a physical ground state can be identified, which just fails to be a Fock space vector. By using the path measure we can make an IR-renormalization in 3D, i.e., compute a Hamiltonian that is unitary equivalent with H euc [12] .
Ultraviolet behaviour
Nelson has shown that, roughly speaking, by subtracting from H N a constant logarithmically divergent in the point charge limit (i.e., when ̺ → δ), the so obtained UV renormalized Hamiltonian is well defined as a self-adjoint operator. In [6] we have shown that UV renormalization can be done on the level of the Gibbs measure and Nelson's energy renormalization scheme is a simple consequence of the Itô formula. We are able to show that the so obtained Hamiltonian is unitary equivalent with Nelson's and, going beyond his results, that furthermore it has a ground state.
Functional integration for the Pauli-Fierz model
The Pauli-Fierz model describes a charged particle coupled to a quantized Maxwell field. With similar notations as before, the Hamiltonian in 3D is
with coupling constant e = ̺(x)dx, vector potential
polarization vectors satisfying j=±1 e µ (k, j)e ν (k, j) = δ µν − (1/|k| 2 )k µ k ν , and Pauli matrices σ 1 , σ 2 , σ 3 accounting for spin. The bottom of the spectrum of the Pauli-Fierz Hamiltonian is contained in the absolutely continuous spectrum, no matter how weak the coupling is. Nonetheless, a ground state exists in Fock space for arbitrary e = 0, with no infrared cutoff [1, 4] .
By a procedure in its essentials similar to the one described above, we can derive a path measure to the Pauli-Fierz model. In case spin is disregarded, on integrating out the boson field we arrive at the same effective pair potential as above, however, the Gibbs measure formally becomes
i.e., the double Riemann integrals in the exponential densities turn into double stochastic integrals. To make sense of Gibbs measures in this case we have introduced the novel framework of Brownian currents combining rough paths analysis and cluster expansion [5] . When the spin is applied, we have a more complicated Feynman-Kac-type formula [7] . A corollary to this is the energy comparison inequality max π∈Π3 E 0, 0, B 2 π(1) + B 2 π(2) , 0, B π(3) ≤ E(P, A, B 1 , B 2 , B 3 ), where E (P, A, B 1 , B 2 , B 3 ) is the ground state energy at fixed momentum P , (B 1 , B 2 , B 3 ) = ∇ × A, and Π 3 is the permutation group of order 3. Moreover, in the spinless case we also prove for the ground state Φ that provided the external potential is sufficiently confining, there is a b * > 0 such that Φ ∈ D(e bN ) for all b < b * , where N is the boson number operator, i.e., the boson sectors decay exponentially fast [8] .
We also refer to the book [9] covering these methods and results in great detail.
